Ch. 2. Inverse Trigonometric Functions

1. The domain and range of the trigonometric functions are as follows:

FUNCTION DOMAIN RANGE
y =sinx R [—1,1]
y = COS X R [-1.1]
y =tanx R—{nz:nel} R
R-(-11)
y = COS ecX R—{nz:nel} or
(—oo,l] U[l,oo)
R-(-11)
y = seex R—{(2n+1)f:ne|} or
2 (—oo,l] U[l,oo)
Yy = cotx R—{(2n+1)%:nel} R
2. The domain and range of the inverse trigonometric functions are as follows:
DOMAIN RANGE
SR
sin™ : [-1.1] — 1733
cos™ : [-1.1] — [0, ]
_ Mmoo
cosec™ E-(-1.1}) — [ 77272 |~ {0}
: T
sec™ : E-(-1.1) — [0, x] - {;}
. f_l ‘.']_'\'
tan™ : K — TE|
cot™ : R — (0, m)

3. Graphs of Inverse Trigonometric Functions (Principal Branch)
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y= tan~! x

Jm’?

y= sec ! x

y= cosec ! x

IMPORTANT FORMULAE FOR INVERSE TRIGONOMETRIC FUNCTIONS

4. sin~(sinx) = x, forallxe [— g%]
5. cos 1(cosx) = x, forallxe|0, ]
-1 — _rr
6. tan '(tanx) = x, forallxe ( 2,2)
7. cosec '(cosecx) = x, forallxe [—gg]x 0
8. sec l(secx) =x, forallxe|0, w],x + g
9. cot !(cotx) = x, forallxe (0, m)
10. sin(sin"x) = x, forallxe[-1, 1]
11. cos(cos™x) = x, forallxe[-1, 1]
12. tan(tan 'x) = x, forallxeR
13. cosec(cosec™1x) = x, forall x e (—oo,—1] U [1, )
14. sec(sec™1x) = x, for all x € (— o, —1] U [1,©)
15. cot(cot™1x) = x, forallxeR
16. sin"1(—x) = — sin"1x, forallxe[-1, 1]
17. cos Y (-x) =m— cos 'x, forallxe[-1, 1]
18. tan"1(—x) = — tan"1x, forallxeR
19. cosec™1(—x) = — cosec™x, for all x € (— o0,—1] U [1, )
20. sec 1(—x) =m— sec’'x, forallxe(—o,—1]U[1,00)
21. cot™1(—x) =m— cot™'x, forallxeR
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22. cos™! G) = sec 1x, for all x € (— o0,—1] U [1, )
23. sin~?! G) = cosec x, for all x € (— o0,—1] U [1, )
-1
24. tan-1 1) _ cot” 'x, » forx>0
x —m+ cot™x, forx<O0
tan~1 0
25. cot1 (Y = tom X Jorx>
x n+ tan""x, forx <0
26. cosec™! (%) = sin"1x, forallx e[-1, 1]
27. sec™! G) = cos x, forallx e [-1, 1]
28. sin"lx + cos™lx = g, forallxe[-1, 1]
29. tan"lx + cot™lx = g forallxeR
30. sec lx + cosec™lx = g forall x € (— o0,—1] U [1, )
1 x+y .
tan (—l—xy) , ifxy<1
31. tan"'x + tan"ly = {7+ tan™?! (%) if x>0, y>0andxy > 1
_ —1(x+Yy .
-7+ tan (—1_xy), if x<0, y<Oandxy>1
-1(X~Y i —
I( tan (1+xy) , ifxy>-—1
—1, -1, — -1(XxX=Y i —
32. tan™'x — tan y—4n+ tan (ny), ifx>0, y<O0andxy<-—1
- xX—=Yy .
l—n+ tanl(m), ifx<0,y>0andxy<—1
33. tan™x + tan~ly + tan"'z = tan™?! (w)

1—-xy—-yz-—zx

34.

35.

( Si”_l[x\/l—yz‘l')"/l—xz], if —1<x,y<landx*+y* <1

sin‘1x+sin‘1y:! n—sin‘l[x\/l—y2+y\/1—x2], if 0<x,y<landx®*+y?>1

—n—sin‘l[x\/l—y2+y\/1—x2], if —1<x,y<O0andx?>+y?>1

sin"lx —sin"ly =

( Si"_l[xvl—yz—y\/l—xz], if —1<xy<landx*+y* <1
{ ”_Sin_l[x\/l—yz—y\/l—xz], if 0<x<1;-1<y<O0andx*+y*>1

k—ﬂ—sin‘l[x\/l—yz—yx/l—xz], if —1<x<0;0<y<tlandx?+y?>1

36.

cos‘l[xy—\/l—xzw/l—yz] , if —1<x,y<landx+y =0
27T—cos‘1[xy—\/1—xz,/l—yz],if —1<x,y<landx+y <0

cos™lx + cosly =
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37. cos™lx —cos™ly = {

cos‘l[xy+\/1—x2\/1—y2] ,if —1<x,y<landx—y <0
—cos‘l[xy+\/1—xzwll—yz],if —-1<y<0;0<x<landx—y =0

38.
_ 2
sinl(X)=cosl(\/1—x2):tan1( ]zcotl[ 1-X ]
1—x? X
2
cosl(X)zsin1(\/1—x2):cot1[ j:tan1 1-X
1-x X
39.
25in‘1(x):sm‘1(2x 1—x2)=cosl(1 ZXZ), —igxsi
2 2
2003*1(x):sm*1(2x 1—x2)=003’1(2x2—1), izgxsl
a af 2X
2tan™ (x) =sin Ty . [x[<1
_ 2
:coslﬁ XZ], x>0
+X
:tan‘l(lzxzj, —1<x<1
—X
40.

41. List of substitutions:

S.No. |Form substitution
1 Jxa? —a? X =acosec® or x=asech
2 \/m X = atan® or x=acotb
3 m X = acosO or Xx=asin®
4 |VJa—x & +VJa+x |x=acos20 or x=acosd
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Trigonometric Formulae

I Sum and Difference of angle formulae:

a) Sin( x+vy)
b) Sin(x—vy)
c) Cos(x+y)
d) Cos(x —vy)

e) tan(x+y)

f) tan(x-vy)

g) cot(x+y)

h) cot(x-vy)

sinx cosy + cosx siny
Sinx cosy — cosx siny
COSX COSY — sinx siny
COSX COSY + sin x siny
tanx+tany
l1-tan xtany
tanx—tany
1+tanxtany
cotxcoty -1
coty +cotx
cotxcoty+1
coty —cotx

I Compound angle Formulae

2tan x
1+ tan? x

1-2sin’x =

2c0s’ x—1 =

2cog?| Xlo1= 1-2sin?[ Xz cog?[ X |-sin?[ X
2 2 2 2

a) sin 2x = 2sinx cosx =
b) cos 2x = cos’ x—sin? x =
2tan x
c) tan2x = —
1-tan” X
d 1-cos2x = 2 sin%x
e) 1+Cos2x = 2 cos?x
X
f) 1-cosx = ZsinZE
X
g) 1 +cosx = 2 cosZE
X
X 2tan —
h) Sinx = 25N —Cc0S— = 2x
1+tan® =
2
i) Cosx =
j) Sin3x = 3 sin x — 4sin’x
k) Cos 3x = 4cos®x — 3 cos x
3tan x —tan® x
) tan 3x = —_—
1-3tan” x
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1—tan? x

1+tan® x

1—tan? X
2

1+tan? >
2
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Transformation Formulae (converting product of trig. Functions into sum/difference)

a) 2sinxcosy = sin(x+y)+sin(x—y)
b) 2cosxsiny = sin(x+y)—sin(x—y)
c) 2cosxcosy = cos(x+y)+cos(x—y)
d) —2sinxsiny = cos(x+y)—cos(x—y) or cos(x —y) —cos (x +y) = 2 sin x siny

IV. Transformation Formulae (Converting sum/difference of trig. Functions into product)

. X+ X—
a) sinx+siny = 2sin ycos 2y
X+ X—
b) sinx — siny = ZCOSTysin Xy
X+ X -
c) cosx +cosy = 2C0S ycos y
2 2
. X+ X—
d) cosx — cosy= —ZSInTysin—y
V. Solution of Trigonometric Equations:
1. a) sinx=0 x=nz, ne’Z
V4
b) cosx=0 X = (2n+1)5; neZ
c)tanx=0 x=nmx, ne”Z
2. a) sinx=siny x=nz+(-1)"y; neZ
b) cosx=cosy x=2nrty, ne’Z
c) tanx=tany x=Nr+Yy, neZ

VI

Sine and Cosine rules (Not required for exam):

a) Sinerule: If a, b, c are sides opposite to angles A, B and C of AABC respectively, then
a b ¢
sinA sinB sinC
b) Cosine rule:

b? +¢® -a’
1. a’=b?+c?—-2bccosA OR cosA = —————
2bc
2 2 2
c°+a“—-b
2. b?=c?*+a?®-2cacosB OR cosB = —————
2ca
2 2 2
a‘+b°--c
3. ¢c?=a’+b?-2abcosC OR cosC = —oab
a
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